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Numerical Approach for Computing Noise-Induced
Vibration from Launch Environments
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The development, implementation, and validation of a new numerical algorithm for predicting noise-induced
vibration from acoustic loads experienced during launch vehicle liftoff are presented. The development is based on
combination of boundary element and � nite element technology. Two new important advancements are included
and validated in this work: the existence of unequal mesh density between the structural and the acoustic model at
their interface and the numerical simulation of a reverberant � eld as an acoustic environment. Results produced
for an expanding nozzle of a rocket are compared successfully with test data. This development can be utilized
during the initial and preliminary design phases of launch vehicles, when guidance can have signi� cant impact.

Nomenclature
[A] = boundary element (BE) matrix representing the

primary system of linear equations
C = value of the integral associated with the derivation

of the coupled matrices
[C1], [C2] = coupling matrices representing the effect of the

structural vibration on the acoustic solution and the
effect of the acoustic medium on the structural
vibration, respectively

dF = differential acoustic force exerted on a differential
area dS of the structure

d j = distance between acoustic node j and the i th node
of the mth structural element

Fa = forcing vector containing information about the
acoustic excitation

FSt = mechanical load applied on the structure
F = quadratic functional
f = a known function
[I ] = identity matrix
Jml = Jacobian associated with of the l th integration point

on the mth element
Km = number of nodes in element m
L = number of integration points used within each

element
M = number of elements in the structural � nite element

(FE) model
N m

k l = shape function associated with the kth node of the
mth element, evaluated at the lth integration point

n = coordinate associated with the normal direction on
the surface of the BE model

n = unit normal on the surface of the acoustic BE model;
the side of the model toward the direction of the
normal is de� ned as side 1, and the other as side 2

nml = unit normal associated with of the lth integration
point on the mth element
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p1 = acoustic pressure on side 1 of the acoustic BE
model

p2 = acoustic pressure on side 2 of the acoustic BE
model

p r = acoustic pressure at location r
Rm

i = number of closest nodes of the acoustic model to the
i th node of the structural element m

RV = total number of acoustic waves comprising the
reverberant excitation

= operator on function
r = position vector
S = surface of the BE model
SSt = surface discretizationassociated with the FE

model
uSt = structural degrees of freedom

uSt = vector of structural displacement
uSt k m = structural displacement associatedwith the kth node

of the m th element
r = acoustic velocity at location r
ml = weighting factor associated with the lth integration

point on the mth element
xml = location of the lth integration point on the mth

element
p dp = primary variables de� ned on the surface of the

acoustic BE model
p = vector of unknown primary variables on the surface

of the BE model
p i m = acoustic primary variable expressed on the i th node

of the m th structural element
p n 1 = normal gradient of the pressure on side 1 of the BE

model
p n 2 = normal gradient of the pressure on side 2 of the BE

model
= density of acoustic medium

[ ] = modal matrix
[ C] = modal damping matrix

= Green’s function
= frequency of analysis

[ 2
i ] = diagonal matrix containing the eigenvalues of the

structural system

Subscripts

a = point on the BE model
dr = data recovery point
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ml = lth integration point of the mth element
r = acoustic pressure due to the r th acoustic wave

Introduction

I N launchvehicleapplicationsit is important to identify the vibra-
tion induced on structural components due to the acoustic loads

of the launch environment.1 2 Traditionally, this objective has been
achievedby performing testing in a reverberantchamber.The rever-
berant � eld is utilized to simulate the launch environment.Acoustic
pressuremeasurementsandaccelerationmeasurementsare obtained
during testing.The acousticenvironmentin thevicinityof theaft end
of a launch vehicle can be extremely high. The overall sound pres-
sure level (OASPL) forTitan IV is predictedto be approximately166
dB. Typicaldesign margins of 3–6 dB are added to aerospaceequip-
ment to reduce the risk of operational failure and to accommodate
differences among � ight units due to variations in parts, materials,
processes,manufacturing,and testing.Within the United States and
probablyworldwide, capability to meet these test levels does not ex-
ist for largeparts. Work has been performed in an attempt to achieve
these levels.3 Although high levelswere indeedproduced(up to 180
dB OASPL), the hardware’s response was limited due to high aero-
dynamic damping imposed by the test � xture.4 Methods to certify
� ighthardware5 that reliedon testingat low levels (152–162 dB) and
scaling the results to predict responses at the higher levels required
for hardware certi� cation were subsequently developed and used
successfully.Whereas favorable results have been obtainedwith the
preceding methods, program schedule restraints typically require
production hardware to be built in parallel with the quali� cation
hardware. Therefore, it is important for a structural dynamic simu-
lation capability to be available during the initial conceptualdesign
phases of new products. In this manner the hardware performance
can be evaluated, and modi� cations can be implemented before a
prototype is built and signi� cant commitments are made in terms of
tooling, materials, and manufacturing. Demanding schedule com-
mitments create a need to produce � ight capablehardware in as little
as one pass. This objective can be accommodated by developing a
set of computationaltools that can predict the structuralcapabilities
of hardware subjected to high-level acoustic loads. This success-
orientedapproachhas been the prime motivation for developing the
formulation presented in this paper. It documents the development
of specializednumerical algorithms based on the boundaryelement
(BE) and the � nite element (FE) methods for vibroacousticanalyses
and their applications in simulating the noise-induced vibration of
a component of a launch vehicle.

The BE method has been used in predicting the noise emitted
from vibrating structures or the noise generated inside acoustic
cavities.6 15 In such applications the objective is to compute the
emitted noise and possibly implement design modi� cations to re-
duce it. In this work, however, the effort is concentrated on com-
puting the noise-induced vibration of a structural component due
to acoustic loading and on validating the methodology. Two nu-
merical capabilities are important to utilize these numerical tools
for industrial launch vehicle applications: 1) accommodating the
unequal mesh density between the structural FE model and the
acoustic BE model and 2) simulating a reverberant acoustic � eld as
excitation.

The algorithmspresented in this work includedevelopmentwork
in both areas. They were implemented into software and were uti-
lized to compute the vibration induced on the nozzle of a rocket
engine due to reverberant acoustic excitation (Fig. 1). Finally, the
numerical results were compared with test data collected in a rever-
berant chamber test. The indirect BE approach16 17 is used for the
acoustic analysis. It accounts for acoustic medium on both sides of
the BE model and allows it to include openings. In this application,
air exists on both sides of the cone used in the test (Fig. 1), and
one of its sides is open. A coupled structural-acousticformulation
is utilized in the numerical simulation. It allows computationof the
acoustic � eld around the cone and the structural vibration simul-
taneously. The coupled formulation also handles the acoustic load
exertedon the structureand the effect of the structureon the acoustic
� eld.

Fig. 1 Testing � xture used in the project.

Fig. 2 De� nition of primary variables in indirect BE: n = unit normal
directed toward domain 1 or 2; p, dp = primary variables on the BE
model.

Mathematical Background
The BE approach is used to simulate the acoustic medium. The

FE method is used to simulate the dynamic behavior of the struc-
ture. The main contributions of this work were the development of
an algorithmfor the coupled structural-acousticanalysis permitting
unequal discretization between the BE and FE models and the nu-
merical simulation of the reverberant � eld as acoustic excitation.
A brief introduction to the indirect BE method is presented � rst. It
will identify the important aspects of the BE approach utilized in
the development of the coupled algorithms.

Acoustic BE Indirect Method
In the indirect BE method, the difference in the acoustic pressure

p and the difference in the normal gradient of the pressure dp
between the two sides of the model comprise the primary acoustic
variables (Fig. 2).16 17

By taking into account 1) the Helmholtz integral equation,10 18 19

containing the acoustic pressure and acoustic velocity for each side
of the model, 2) the de� nition of the unit normal along the two
sides of the surface, and 3) the de� nition of the primary variables
on the boundary, the acoustic response at a data recovery point can
be expressed as

p rdr
S

p ra
rdr ra

na
rdr ra dp ra dSa (1)

In the indirect method a functional is formed, and the unknown
primary variables on the surface of the model are computed such
that they extremize the functional, subject to the same boundary
conditions as the original differential equation.20 To assemble the
functional, the data recovery point is positioned on the BE model.
The value of the velocity is expressed as an integral of the unknown
primary variable p over the surface of the model:

i rb
Sa

p ra

2G ra rb

na nb
dS ra (2)
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A variational principle20 indicates that the solution to Eq. (3)

f 0 (3)

will also minimize the functional presented in Eq. (4),

F
S

dS 2
S

f dS (4)

Applying this variationalprinciple to Eq. (2) results in a symmetric
system of equations:

[A] p Fa (5)

Once the distribution of the primary variables is computed through
Eq. (5), the acoustic response at any point within the acoustic space
can be computed from Eq. (1).

Coupled Structural-Acoustic Analysis
The coupled analysis combines the structural system of equa-

tions with the acoustic system through coupling matrices. In this
work a new algorithm has been developed that allows for unequal
discretization between the acoustic and the structural model. The
coupled matrices are derived from the following physical princi-
ples: 1) the acoustic pressure exerts a load on the structure, and 2)
the structuralvelocity de� nes the acoustic velocityon the boundary
(Fig. 3). The matrix equation for the coupled system of equations
can be written as

2[M] i [C ] [K ] [C2]

[C1] [A]

uSt

p

FSt

Fa

(6)

The terms of matrix [C1] are derived by taking into account the
relationship of the structural displacement uST of the vibration to
the acoustic velocity a :

i uStn a (7)

When the expression of the acoustic velocity is introduced into
the variational functional of Eq. (4) [by taking into account that
f i a rb ], the corresponding integral associated with the
acoustic forcing function representedby the velocityboundarycon-
ditions becomes

S

i i uStn p dS 2

S

uStn p dS (8)

Therefore, the terms of the coupling matrix [C1] are derived by the
integral

2

S

uStn p dS [C1] (9)

Similarly the terms of the coupling matrix [C2] are derived by tak-
ing into account the force exerted by the acoustic medium on the
structure:

dF p2 p1 n dS p1 p2 n dS pn dS (10)

Therefore, by taking into account that the acoustic force exerted
on the structure moves to the left-hand side of Eq. (6), it can be
concluded that the terms of [C2] are derived as

S

pnuSt dS [C2] (11)

Fig. 3 Structural-acoustic interaction.

Fig. 4 Structural FE model used in the analysis.

Fig. 5 Acoustic BE model used in the analysis.

In practical applications, the discretizations for the structural and
the acoustic model are unequal. Therefore, the number of nodes
and elements used to represent the surface S in Eq. (9) is different
from the number of nodes and elements used to represent the same
surface in Eq. (11). The structural FE model is usually � ner than
the acoustic BE model. (Figures 4 and 5 present the FE and the
BE models, respectively,for the applicationpresented in this work.)
To accomplish the derivation of the coupling matrices between the
unequal discretizationof the structural and the acoustic model, the
following procedure is followed. Because the structural FE model
is usually the � ner one of the two, both integrals from Eqs. (9)
and (11) are computed based on the discretizationof the structural
model. From Eqs. (9) and (11) it can be concluded that

[C1]
2[C2] (12)

The integral that must be computed becomes

C
SSt

pnuSt dS (13)

By takinginto account that M numberof elementsin theFE model
and L number of integrationpointsused within each element, the
integral C becomes

C
SSt

pnuSt dS
M

m 1

L

l 1

Jml mlnmluSt xml p xml (14)

The structuraldisplacementat point xml can be represented in terms
of the nodal values associated with the Km nodes of element m:

uSt xml

Km

k 1

N m
k l uSt k m (15)

The quantity p xml is computed as

p xml

Km

i 1

N m
i l p i m (16)
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Because there is an unequal discretization between the structural
and the acoustic model, p i m is expressed in terms of the values
of the primary variable p at the Rm

i closest nodes of the acoustic
model to the i th node of structural element m. Therefore,

p i m

Rm
i

j 1 p j d j

Rm
i

j 1 1 d j

(17)

By combining Eqs. (14–17), the integral C becomes

C
M

m 1

L

l 1

Jml mlnml

Km

k 1

N m
k l uSt k m

Km

i 1

N k
i l

Rm
i

j 1 p j d j

Rm
i

j 1 1 d j

(18)

Therefore, both coupling matrices can be generated between the
unequal discretizations of the FE and BE models. In addition, the
coupling algorithm is general enough to allow, if necessary, for
only a certain portion of the acoustic model to interface with the
structural model. On the remaining, acoustic boundary conditions
can be assigned as part of the acoustic excitation.

In the numerical approach used to solve Eq. (6), the structural
degrees of freedom are expressed as a linear superposition of the
normal modes. Through partitioning and condensation techniques,
Eq. (6) is reduced to a system equal to the acoustic system of equa-
tions. This includes the effect from the structural-acoustic inter-
action and the mechanical load, which might be applied on the
structure:

[A] [C1][ ] 2[I ] i [ C ] 2
i

1
[C2] p

Fa [C1][ ] 2[I ] i [ C] 2
i

1
[ ]T FSt

(19)

The solutionto Eq. (19) resultsin computationof the primaryacous-
tics variables on the surface of the model. It includes the effect
from the acoustic loading (acoustic sources and/or acousticvelocity
or pressure boundary conditions), the structural vibration, and the
structural mechanical load. Once the primary variables are com-
puted, the modal degrees of freedom can be evaluated, and sequen-
tially the structural vibration can be computed.

Numerical Modeling of the Reverberant Acoustic Field
One of the main challengesof utilizinga BE/FE approach in sim-

ulating the vibration induced from a launch environment has been
the numerical representationof the reverberant � eld that comprises
the excitationin the current testingprocedures.The reverberant� eld
can be consideredto be generatedby a largenumberof waves travel-
ing in all directionswith a random phase. Therefore, the magnitude
of the acoustic pressure at any point of such a � eld and the energy
are constant. In this work, the approach employed to generate the
reverberant � eld is to utilize multiple-plane acoustic wave sources
acting as independentexcitationsand adding their effects on energy
basis. The origins of the plane waves are de� ned on the surface of
an imaginary sphere surrounding the structure. The radius of it is
equal to 20 times the main dimensionof the structure.The direction
of all of the waves is toward the center, and the origins are equally
spaced over the imaginary surface. In this manner there are several
plane waves acting at each point of the acoustic � eld, and acoustic
excitation is applied on the structure from every possible direction.
Because in a reverberant � eld the mean square pressure is propor-
tional to the power of the � eld,21 results obtained by the individual
plane wave excitations are summed up on energy basis. Therefore,
at a particular point within the acoustic � eld the acoustic response
is

p2
tot

RV

r 1

p2
r (20)

Similarly, the vibration induced on the structure from the acoustic
� eld is computed as

u2
Stot

RV

r 1

u2
Sr (21)

Because the number of individual analyses is equal to the number
of plane waves required to simulate the reverberant excitation, spe-
cial attention is necessary to minimize the number of computations
performed. Speci� cally, during solution of Eq. (19), only the right-
hand sideof the equationchangesdue to multiple forcingexcitations
originating from each one of the plane waves. That is taken into ac-
count during the solution, and only backsubstitution is performed
multiple times for each one of the forcing functions.

Application
The coupled structural-acousticformulationpresented in the pre-

ceding section was utilized in computing the noise-induced vibra-
tion on an expansionnozzle of a rocket engine.Aerojet is a supplier
of chemical rocket propulsion systems. These systems use expand-
ing nozzles to direct the combustionproductsand to increaseengine
thrust. It was decided to manufacturea test specimen similar in size,
material,and con� gurationto an actualproductionnozzle.Although
the entire validation process, including analytical and manufactur-
ing considerations,would have been simpler with a � at panel, the
more complex nature of � ight-like structure lends more con� dence
to the technique upon a good match.

The validation hardware is similar in size, shape, material, and
manufacture to a nozzle Aerojet currently provides on its Titan IV
stage I liquid rocket engine as a thrust enhancer. It is attached via
butt welds to a � uid heater assembly, which is utilized to produce
oxidizer tank pressurant gases. It further expands the hot gases that
are used as prime movers of the high-speed turbopumps. It differs
in the end con� gurations from the actual production hardware. Al-
though the forward end (smallest diameter of the truncated cone) is
welded to the other structure, the validation hardware is free. The
large-diameterend of the productionunit is attached via butt welds
to a relatively thick aft � ange that has a complex joint to an exit
closure used as a radiation barrier for sensitive heating coils during
the portions of � ight before engine operation. The exit closure is
essentially a � at plate. The validationhardware incorporatesa very
thick plate at its aft end to attain a nearly in� nite stiffnessboundary.

Methodology
The following primary steps are needed in calculating the struc-

tural response to an acoustic excitationusing the developedmethod-
ology: 1) constructionof an FE model and completion of structural
analysis for eigenvalues and eigenvectors, 2) identi� cation of the
frequencies for harmonic coupled structural-acoustic analyses, 3)
construction of a BE model and completion of an indirect coupled
harmonic analysis, and 4) postprocessingof the structuralvibration
in square acceleration of gravity per hertz. The results can poten-
tially be used in computing the stress and strain for the structure.

During this process the coupling between the acoustic inputs and
the structure are handled rigorously. No assumptions about which
modes are excited need to be made. Experience shows that struc-
tural modes for which geometry and acoustic wavelength do not
match have very low participation.Also, modes with small general-
ized forces such as torsion have low participation.Many structural
modes can be included, and the number is practically limited only
by workstation capability. There is no trouble handling modes in
frequency ranges with low modal density, as is often the case with
statistical energy methods.2 The acoustic BE model can be coarser
than the correspondingstructural FE model.

The FE modelof the validationhardwareconsistsentirelyof four-
node quadrilateral elements (Fig. 4). Analytical eigenvalues have
been veri� ed by tap testing, and response autospectrums obtained
during reverberant acoustic testing show excellent correlation to
the low-level tap tests. The model was tuned to the extent that all
analytical natural frequencies were comparable to measured values
up to 1000Hz. This encompassed29 analytical � exiblebody modes
including repeated roots. Because the geometry is quite simple and
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the materials and thicknesses were well known, model tuning was
accomplished by adjusting the number of elements between spot
welds. Spot welds between the cone and plate are modeled with an
equivalenced single node. More elements produced better results.
Four elements per weld yielded eigenvalues to within, at most, 4%
of measurement, and no further tuning was performed.

The frequency range of primary interest was between 250 and
500 Hz. Thus, the modal basis includes modes up to 1000 Hz. This
speci� c frequency range was chosen based on past experience in
vibroacoustics of nozzles. Overall structural strain for this type of
structure will be dominated by the several lowest excitable natural
frequencies. These lowest frequencies tend to produce the largest
displacements. The BE model was created with � delity to yield
approximately eight nodes for the highest acoustic wavelength of
the analysis, 1000 Hz (Fig. 5). Both the cone and plate receive
acoustic energy necessitating that both be modeled. The BE model
was easily generated with the geometry database created for the FE
model. The two models had different meshes, and this was handled
by the algorithm described previously.

Testing and Validation
The main dimensionsof the nozzleused in the testwere diameters

of 2 ft at the large end and 10 in. at the small end and a height of 2 ft.
The material was stainless steel. Two different tests and simulations
were performedfor the manufacturedhardware.First the � xturewas
placed in a free � eld, and a noise source was positioned14 in. away
from the upper edge of the structure. The noise was generated from
high-pressure nitrogen coming out from a noise-producingnozzle.
Four microphones were positioned around the � xture. They were
utilizedin characterizingthe acoustic excitation.Six accelerometers
were mounted at an equal-spacedarrangementalong one-quarterof
the circumference of the cone and 2 in. away from the upper edge
(Fig. 6). In the numerical analysis the noise source was approxi-
mated by a quadropole. Its magnitude was calibrated to simulate
the measured acoustic pressure. Thus, an equivalent loading on the
structure was accomplishedbetween the testing and the simulation.
From the coupledstructural-acousticanalysis, the vibrationinduced
on the � xture was computed. Results for the measured acceleration
and the computed maximum acceleration (square acceleration of
gravity per hertz) are presented in Fig. 7. The comparison between
the two sets of data was very satisfactory.

1) The samenumberof peakswas observedat similar frequencies.
Each peak corresponded to the � rst � ve structural normal modes of
the � xture.

2) The maximum values of the peaks were comparable.
3) The values for the highest response (which will result in the

highest stress) were within 1 dB.
4) The peak-to-valleyratios were comparable.
Once the initial free � eld testing and validation were completed,

a second test at a reverberant chamber was justi� ed. The dimen-
sions of the chamber were 20 20 ft square and 80 ft high. The
� xture was positioned in the center of the room, 6 ft from the � oor.
In this case the acoustic � eld to which the hardware was subjected
is speci� ed as reverberant. Therefore, the sound � eld is nondirec-
tional, having, theoretically, zero intensity in any direction. It is
also diffused, which implies that the sound pressure is the same

Fig. 6 Test � xture, location of accelerometers, and noise source for
free � eld testing.

Fig. 7 Correlation between test data and numerical results for free
� eld testing: ——, max test; - - - -, min test; and – – –, max analysis.

Fig. 8 Correlation between test and analysis: – – –, test min; ——, test
max; – - –, analysis min; - - - -, analysis max.

everywhere within the � eld. The mathematical approach presented
earlier was utilized in numerically generating the reverberant � eld.
The acoustic source strengths for each frequencyof the analysis can
be set to provide the analysis’s speci� cation strength. The system
being analyzed is classi� ed as open. Therefore, the � uid medium
is present on both sides of the BE model and requires an indirect
BE formulation. Results (Fig. 8) show veri� cation of the coupled
structural-acoustic algorithm and the reverberant � eld simulation
developed in this work. Analytical predictions for the acceleration
are obtained by twice differentiating the displacement results nor-
mal to the surfaceand normalizingby the averagepressure.Test data
were obtained directly with accelerometers and microphones. This
presentation permits direct comparison of analytic and test data.
Maximum and minimum envelopes, for nodes or measurements,
are shown for responses at approximately 1.6 in. from the small-
diameter end of the test hardware. This region was chosen for the
comparison because it experienced large accelerations in test. The
following observationswere made.

1) There was good correlation in terms of the number and the
frequencies of peak response.

2) The highest peak in the analysis data was within 1 dB of test.
3) All of the computed values of the peaks are within 6 dB from

measured data.
4)Therewas goodagreementof peak-to-valleydifferences,which

indicates good matching with respect to damping.
In addition,theacousticpressures(noise levels) computedaround

the structure were practically constant, which indicates that a good
numerical representationof the reverberant � eld was achieved.

Conclusions
A capability to simulate the noise-induced vibration on com-

ponents of a launch vehicle due to acoustic loads is important in
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reducing the development time. It allows the analysis of different
con� gurations ef� ciently through the utilization of computational
models. The BE method is a suitable approachfor numerical acous-
tics, and in the application of interest it is utilized in simulating the
acoustic� eld of the launchenvironment.The FE methodcan beused
to determine numerically the dynamic characteristicsof a structure.
In this work, a new methodology was developed for the coupling
of the structural FE and the acoustic BE methods in solving noise-
induced vibration problems associatedwith launch vehicle applica-
tions. The new developments presented here are the unequal mesh
densitycapabilitybetween the structuraland the acousticmodel and
the simulation of a reverberant acoustic � eld as excitation.Both ca-
pabilities are important in utilizing the new methodology in launch
vehicle applications. An expanding nozzle of a rocket engine was
used in the validationof thedevelopment.Two testswere performed,
and the results were successfully compared with the correspond-
ing numerical simulations. The vibration was measured during an
acoustic free � eld test and also in a reverberant environment.There
was good correlation between the maximum measured and com-
puted accelerations,the number and frequenciesof peak responses,
and the peak-to-valleyratios.
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